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Lp-BOUNDEDNESS OF WAVE OPERATORS
FOR THE THREE-DIMENSIONAL MULTI-CENTRE
POINT INTERACTION
GIANFAUSTO DELL’ANTONIO, ALESSANDRO MICHELANGELI,
RAFFAELE SCANDONE, AND KENJI YAJIMA
Abstract. We prove that, for arbitrary centres and strengths, the wave oper-
ators for three dimensional Schro¨dinger operators with multi-centre local point
interactions are bounded in Lp(R3) for 1 < p < 3 and unbounded otherwise.
1. Introduction and main results
Models of quantum particles in d dimensions which scatter freely in space except
for the presence of a number of extremely localised impurities require the defini-
tion of a Hamiltonian that acts precisely as the free Hamiltonian on wave-functions
supported away from the scattering centres, and that induces a non-trivial inter-
action essentially supported on a discrete collection of points. This naturally leads
to consider ‘singular’ perturbations of the free Schro¨dinger operator which can be
thought of as delta-like potentials centred at fixed points, a picture that dates back
to the celebrated model of Kronig and Penney [24] for a quantum particle in a
one-dimensional array of delta potentials.
One can make sense in various conceptually alternative ways of the formal Hamil-
tonian
(1.1) “ −∆x +
N∑
j=1
µj δ(x− yj)”
for a quantum particle in Rd subject to singular interactions centred at the points
y1, . . . , yN ∈ Rd and of magnitude, respectively, µ1, . . . , µN . One is to realise the
Hamiltonian as a self-adjoint extension of the restriction of −∆ to smooth functions
supported away from the yj ’s, another is to obtain it as the limit of a Schro¨dinger
operator with actual potentials V
(j)
ε (x − yj) each of which, as ε → 0, spikes up to
a delta-like profile, the support shrinking to the point {yj}, and yet another way
is to realise (1.1) as the self-adjoint operator of a closed and semi-bounded energy
(quadratic) form that consists of a free (gradient) term plus suitable boundary
terms at the centres yj ’s.
In the mathematical literature the study of the self-adjoint realisations of (1.1)
has a long history, deeply connected with that of the physical systems for which
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such a model has provided a realistic description. In this work we focus on the
d = 3 case: we thus consider the collection
(1.2) Y := {y1, . . . , yN}
of N distinct points in R3 and, correspondingly, the operator
(1.3) H˚Y := −∆ ↾ C∞0 (R3\Y )
in the Hilbert space L2(R3). H˚Y is densely defined, real symmetric, and non-
negative, with deficiency indices (N,N), and hence it admits aN2-parameter family
of self-adjoint extensions.
The most relevant sub-class of them is the N -parameter family
{Hα,Y |α ≡ (α1, . . . , αN ) ∈ (−∞,∞]N}
of so-called ‘local’ extensions, namely extensions of H˚Y whose domain of self-
adjointness is only qualified by certain local boundary conditions at the singularity
centres. More precisely, as we shall recall in detail in Section 2, the domainD(Hα,Y )
of Hα,Y consists of functions u satisfying the asymptotics
(1.4) lim
rj↓0
(∂(rju)
∂rj
− 4παjrju
)
= 0 , rj := |x− yj| , j ∈ {1, . . . , N} .
In fact, the condition
(1.5) u(x) ∼
x→yj
1
|x− yj | −
1
aj
, aj := −(4παj)−1
implied by (1.4) is typical for the low-energy behaviour of an eigenstate of the
Schro¨dinger equation for a quantum particle subject to a potential of extremely
short, virtually zero, range centred at the point yj and with s-wave scattering
length aj , a fact that was noted first by Bethe and Peierls [8, 9] (whence the name
of Bethe-Peierls contact condition for the asymptotics (1.5)).
If for some j ∈ {1, . . . , N} one has αj =∞, then no actual interaction is present
at the point yj (no boundary condition as x→ yj) and in practice things are as if one
discards the point yj . In particular, the extension Hα,Y corresponding to α = ∞
is the Friedrichs extensions of H˚Y , namely the self-adjoint negative Laplacian on
L2(R3). We shall also denote it by H0, the free Hamiltonian. It is precisely the
extension with no interactions at all.
The operator Hα,Y was rigorously studied for the first time by Albeverio, Fen-
stad, and Høegh-Krohn [2] and subsequently characterised by Zorbas [37], Gross-
maann, Høegh-Krohn, and Mebkhout [19, 20], and D
‘
abrowski and Grosse [10]. A
thorough discussion of its features can be found in [3, Section II.1.1]. We shall
recall the main properties of Hα,Y in Section 2.
Fundamental information about the dynamics generated by Hα,Y through the
Schro¨dinger equation i∂tu = Hα,Y u is encoded in the wave operators for the pair
(Hα,Y , H0), which are defined by the strong limits
(1.6) W±α,Y = limt→±∞
eitHα,Y e−itH0 .
Since the resolvent difference (Hα,Y − z21)−1− (H0− z21)−1 is of finite rank, as
we shall recall in Theorem 2.1 (see (2.3) below), standard arguments from scattering
theory [27] guarantee that the wave operators W+α,Y and W
−
α,Y exist in L
2(R3) and
are complete, meaning that
(1.7) ranW±α,Y = L
2
ac(Hα,Y ) = Pac(Hα,Y )L
2(R3) ,
where L2ac(Hα,Y ) denotes the absolutely continuous spectral subspace ofH forHα,Y ,
and Pac(Hα,Y ) denotes the orthogonal projection onto L
2
ac(Hα,Y ). In particular,
the absolutely continuous part of Hα,Y , namely the operator Hα,Y Pac(Hα,Y ), is
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unitarily equivalent to H0. Moreover, the singular continuous spectrum is absent
from Hα,Y and the point spectrum consists of at most N negative eigenvalues,
whereas non-negative eigenvalues are absent (see Theorem 2.1 below).
Wave operators are of paramount importance for the study of the scattering gov-
erned by an interaction Hamiltonian in comparison with a free (reference) Hamil-
tonian [25, 27]. Owing to their completeness, W+α,Y and W
−
α,Y are unitary from
L2(R3) onto L2ac(Hα,Y ); moreover, they intertwine Hα,Y Pac(Hα,Y ) and H0, viz.,
for any Borel function f on R one has the identity
(1.8) f(Hα,Y )Pac(Hα,Y ) = W
±
α,Y f(H0) (W
±
α,Y )
∗ .
Through this intertwining, mapping properties of f(Hα,Y )Pac(Hα,Y ) can be de-
duced from those of f(H0) (which, upon Fourier transform, is the multiplication
by f(ξ2)), provided that the corresponding ones of W±α,Y are known. Thus, the
Lp
′ → Lp boundedness of f(Hα,Y )Pac(Hα,Y ) follows from the Lp → Lp bound-
edness of W±α,Y : more precisely, if W
±
α,Y ∈ B(Lp(Rd)) for some p ∈ [1,∞], then
(W±α,Y )
∗ ∈ B(Lp′(Rd)) and hence
(1.9) ‖f(Hα,Y )Pac(Hα,Y )‖B(Lp′ ,Lp) 6 Cp ‖f(H0)‖B(Lp′ ,Lp) ,
the constant Cp being independent of f . (Here and henceforth, p
′ will denote the
conjugate of p via p−1 + p′−1 = 1.)
The literature on the Lp-boundedness of wave operators relative to actual Schro¨d-
inger operators of the form −∆+ V , for sufficiently regular V : Rd → R vanishing
at spatial infinity, is vast [32, 33, 4, 30, 22, 11, 15, 23, 5, 35, 36, 6, 7] and the
problem is well known to depend crucially on the spectral properties of −∆+V at
the bottom of the absolutely continuous spectrum, that is, at energy zero.
For singular perturbations of the Schro¨dinger operators, the picture is much
less developed and is essentially limited to the one-dimensional case. Analogously
to (1.3), the restriction H˚Y := −∆ ↾ C∞0 (R\Y ) admits a N2-parameter family
of self-adjoint extensions in L2(R) [3, Section II.2.1], among which those exten-
sions with so-called separated boundary condition of δ-type – the analogue of Hα,Y
considered above. For the latter sub-family of Hamiltonians Ducheˆne, Marzuola,
and Weinstein [14] constructed the corresponding wave operators W±α,Y relative
to the couple (Hα,Y , H0) and proved that W
±
α,Y ∈ B(W 1,p(R)) for 1 < p < ∞.
Their proof is built on a detailed decomposition of W±α,Y essentially based upon
the high frequency vs low frequency behaviour of the Jost solutions, an eminently
one-dimensional treatment that is hard to export to higher dimensions.
In this work we study Lp-bounds for the wave operators W±α,Y of the three-
dimensional multi-centre point interaction Hamiltonian. We provide a manageable
formula for (the integral kernel of) W±α,Y , which we obtain by manipulating the
resolvent difference (Hα,Y − z21)−1 − (H0 − z21)−1: since this difference is an
explicitly known finite rank operator for any dimensions d = 1, 2, 3, our derivation
can be naturally exported also to lower dimensions.
Based on our representation of W±α,Y , we then establish our main result:
Theorem 1.1. For any y1, . . . , yN ∈ R3 and α1, . . . , αN ∈ R, the wave operators
(1.10) W±α,Y = s-limt→±∞ e
itHα,Y e−itH0
for the pair (Hα,Y , H0) exist and are complete in L
2(R3), they are bounded in
Lp(R3) for 1 < p < 3, and unbounded for p = 1 and for p > 3.
Remark 1.2. The fact that Lp-boundedness holds only for p ∈ (1, 3) is consistent
with the analogous result for actual Schro¨dinger operators. Indeed, it is well known
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[35, 36] that the wave operators for three-dimensional Schro¨dinger operators−∆+V
admitting a zero-energy resonance are Lp-bounded if and only if p ∈ (1, 3), and
moreover it is also well known [3, Theorem II.1.2.1] that Hα,Y is actually the strong
resolvent limit in L2(R3), as ε ↓ 0, of Schro¨dinger operators of the form
(1.11) H(ε) = −∆+ ε−2
N∑
j=1
λj(ε)Vj
(x− yj
ε
)
for suitable real-analytic λj(ε)’s with λ(0) = 1 and real potentials Vj of finite Rollnik
norm such that −∆ + Vj has a zero-energy resonance for each j ∈ {1, . . . , N}.
To fully substantiate such a parallelism between singular and regular Schro¨dinger
operators, it would be of great interest to monitor the convergence, as bounded
operators in Lp(R3) for p ∈ (1, 3), of the wave operators for the pair (Hε, H0) to
the wave operator W±α,Y . Along this line, in Section 7 we present the proof of this
result in the special case N = 1, α = 0.
As a direct consequence of Theorem 1.1 and of the bound (1.9), the dispersive
properties for the free propagator e−itH0 , encoded in the estimates
(1.12) ‖e−itH0u‖p 6 (4π|t|)−3(
1
2− 1p )‖u‖p′, p ∈ [2,+∞] , t 6= 0 ,
lift to analogous estimates for the Schro¨dinger dynamics generated by Hα,Y , albeit
for an unavoidably smaller range of p’s than in (1.12). Thus, we find:
Corollary 1.3. There is a constant C > 0 such that, for each p ∈ [2, 3),
(1.13) ‖e−itHα,Y Pac(Hα,Y )u‖p 6 C |t|−3(
1
2− 1p )‖u‖p′, t 6= 0 .
In turn, by means of a well-known argument [16, 31], the dispersive estimates
(1.13) imply Strichartz estimates for Hα,Y for the same range of p. We shall call a
pair of exponents (p, q) admissible for Hα,Y if
(1.14) p ∈ [2, 3) and 0 6 2
q
= 3
(1
2
− 1
p
)
<
1
2
,
that is, q = 4p3(p−2) ∈ (4,+∞].
Corollary 1.4. Let (p, q) and (r, s) be two admissible pairs for Hα,Y . Then, for a
constant C > 0,
(1.15) ‖e−itHα,Y Pac(Hα,Y )u‖Lq(Rt,Lp(R3x)) 6 C‖u‖L2(R3)
and
(1.16)
∥∥∥∥∫ t
0
e−i(t−s)Hα,Y Pac(Hα,Y )u(s) ds
∥∥∥∥
Lq(Rt,Lp(R3x))
6 C‖u‖Ls′(Rt,Lr′(R3x)) .
Under the additional assumption that the matrix Γα,Y (λ) that we define in
equation (2.2) in Section 2 be invertible for all λ ∈ [0,+∞), with locally bounded
inverse, suitably weighted dispersive estimates for the propagator e−itHα,Y were
obtained by D’Ancona, Pierfelice, and Teta [12] in the form
(1.17) ‖w−1e−itHα,Y Pac(Hα,Y )u‖∞ 6 C |t|−3/2‖wu‖1 , t 6= 0 ,
for the weight function
(1.18) w(x) :=
N∑
j=1
(
1 +
1
|x− yj|
)
.
The restriction on Γα,Y (λ) is in practice the requirement that zero is not a resonance
for Hα,Y ; thus, for N = 1, (1.17) was proved for α 6= 0 and it was replaced by a
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slower dispersion rate |t|−1/2 in the resonant case N = 1, α = 0. We also observe
that by interpolation (1.17) can be turned into the weighted dispersive estimate
(1.19) ‖w−(1− 2p)e−itHα,Y Pac(Hα,Y )u‖p 6 Cp |t|−3(
1
2− 1p )‖w 2p′−1u‖p′
for the whole range p ∈ [2,+∞].
As opposite to (1.19), our Corollary 1.3 removes both the weight and the as-
sumption on Γα,Y (λ) in the regime p ∈ [2, 3). In fact, we can also improve the
weight in (1.19) for p ∈ [3,+∞] by interpolating between (1.13) of our Corollary
1.3 and (1.17) given by [12].
We also highlight that in the parallel work [21] by one of us in collaboration
with Iandoli, the non-weighted dispersive estimate (1.13) is recovered by simpler
and more direct arguments (i.e., without using any result from the scattering theory
for Hα,Y ) in the special case N = 1.
The first key ingredient of our analysis is a fairly explicit resolvent formula for
Hα,Y , which is well known to be a rank-N perturbation (in the resolvent sense) of
the free Hamiltonian. This is in a way the same spirit as in the above-mentioned
work [12] for generic N , except that the main difficulty therein was to produce
reliable estimates on the propagator e−itHα,Y in the lack of an explicit representation
of its kernel (instead, when N = 1 the dispersive estimate (1.17) was obtained in
[12] directly from the explicit kernel of the propagator e−itHα,Y , a kernel found by
Scarlatti and Teta [28] and by Albeverio, Brzez´niak, and D
‘
abrowski [1]).
In our case we aim at representing the (kernel of the) wave operatorsW±α,Y in the
first place, based on the explicit resolvent difference (Hα,Y −z21)−1−(H0−z21)−1.
Then, as a second key ingredient, for the Lp → Lp estimate of W±α,Y we appeal to a
large extent to some tool from harmonic analysis, the Caldero´n-Zygmund operators
and the Muckenhaupt weighted inequalities.
We organised the material as follows. In Section 2 we recall the precise definition
of Hα,Y and we collect several technical results needed in the proof of Theorem 1.1,
including in particular properties of Caldero´n-Zygmund operators and the Muck-
enhaupt weighted inequalities. In Section 3 we produce the explicit stationary
representation of the wave operatorsW±α,Y which the proof of Theorem 1.1 is based
on. The Lp-boundedness part of Theorem 1.1 is proved in Section 4 for the single
centre case, and in Section 5 for the multi-centre case. The Lp-unboundedness part
is proved in Section 6. Last, in Section 7 we discuss the convergence of the wave
operators relative to the family of Hamiltonians (1.11) to the wave operatorsW±α,Y
(limit of shrinking potentials).
2. Preliminaries and notation
In this Section we recall the precise definition of Hα,Y and its basic properties
from [3, Section II.1.1] and [26] (see also [13, 12]). Here and henceforth the number
N ∈ N and the N -point set Y = {y1, . . . , yN} introduced in (1.2) are fixed, and the
multi-dimensional parameter α ≡ (α1, . . . , αN ) is assumed to run over (−∞,+∞)N .
We begin with a few remarks on our notation. We write C for the complex plane
and C+ for the open upper half plane. By δj,ℓ we denote the Kronecker delta,
namely the quantity 1 for j = ℓ and 0 otherwise. As customary, 〈λ〉 ≡ (1 + λ2) 12
for λ ∈ R. The representation of any point x ∈ R3 in polar coordinates will be
x = rω, where r ≡ |x| > 0 and ω ∈ S2. For u, v ∈ L2(R3), u⊗ v denotes the rank-1
operator f 7→ u〈v, f〉, where 〈·, ·〉 is the usual scalar product in L2(R3), anti-linear
in the first entry and linear in the second. For the Fourier transform in Rd we use
the convention
(Ff)(ξ) ≡ f̂(ξ) = 1
(2π)d/2
∫
Rd
e−ixξf(x) dx .
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We often write f 6| · | g when |f | 6 |g|. E(T )(dλ) denotes the spectral measure of
the self-adjoint operator T . When not specified otherwise, C denotes a universal
positive constant and 1 is the identity operator on the space that is clear from the
context (this includes also the case of the N ×N identity matrix).
For z ∈ C and x, y, y′ ∈ R3, we set
Gz(x) := e
iz|x|
4π|x| , G
y
z (x) :=
eiz|x−y|
4π|x− y| = Gz(x− y) ,
Gyy′z :=

eiz|y−y
′|
4π|y − y′| if y
′ 6= y
0 if y′ = y ,
(2.1)
and
(2.2) Γα,Y (z) :=
((
αj − iz
4π
)
δj,ℓ − Gyjyℓz
)
j,ℓ=1,...,N
.
Thus, the function z 7→ Γα,Y (z) has values in the N ×N symmetric matrices and
is clearly entire, and z 7→ Γα,Y (z)−1 is meromorphic in z ∈ C.
It is known that Γα,Y (z)
−1 has at most N poles in the closed upper half plane
C+ ∪ R, which are all located along the positive imaginary semi-axis [3, Theorem
II.1.1.4]. We denote by E the set of such poles.
The following facts are known.
Theorem 2.1.
(i) For z ∈ C+\E the identity
(2.3) (Hα,Y − z21)−1 − (H0 − z21)−1 =
N∑
j,k=1
(Γα,Y (z)
−1)jk Gyjz ⊗ Gykz
defines the resolvent of a self-adjoint operator Hα,Y in L
2(R3). Hα,Y is an
extension of the operator H˚Y = −∆ ↾ C∞0 (R3\Y ) defined in (1.3).
(ii) The domain of Hα,Y has the following representation, for any z ∈ C+\E:
(2.4) D(Hα,Y ) =
{
ψ = φz +
N∑
j,k=1
(Γα,Y (z)
−1)jk φz(yk)Gyjz
∣∣∣φz ∈ H2(R3)} .
The summands in the decomposition of each ψ ∈ D(Hα,Y ) depend on the
chosen z, however, D(Hα,Y ) does not. Equivalently, for any z ∈ C+\E,
(2.5) D(Hα,Y ) =

ψ = φz +
N∑
j=1
qj Gyjz
∣∣∣∣∣∣∣∣∣∣∣
φz ∈ H2(R3)
(q1, . . . , qN ) ∈ CNφz(y1)...
φz(yN )
 = Γα,Y (z)
 q1...
qN


.
At fixed z, the decompositions above are unique.
(iii) With respect to the decompositions (2.4)-(2.5), one has
(2.6) (Hα,Y − z21)ψ = (H0 − z21)φz .
Moreover, Hα,Y has the following locality property: if ψ ∈ D(Hα,Y ) is such
that ψ|U ≡ 0 for some open U ⊂ R3, then (Hα,Y ψ)|U ≡ 0.
(iv) The spectrum σ(Hα,Y ) of Hα,Y consists of at most N strictly negative eigen-
values and the absolutely continuous part σac(Hα,Y ) = [0,∞). Non-negative
eigenvalues and the singular continuous spectrum are absent. There is a
one to one correspondence between the poles iλ, λ > 0 of Γα,Y (z)
−1 in C+
and the negative eigenvalues −λ2 of Hα,Y , counting the multiplicity. The
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eigenfunctions that belong to the eigenvalue E0 = −λ20 < 0 of Hα,Y have
the form
ψ0 =
N∑
j=1
cj Gyjiλ0
where (c0, . . . , cN) are eigenvectors with eigenvalue zero of Γα,Y (iλ0). The
ground state, if it exists, is non-degenerate.
Part (i) of Theorem 2.1 above was first proved in [19, 20] – see also the discussion
in [3, equation (II.1.1.33)]. Parts (ii) and (iii) originate from [20] and are discussed
in [3, Theorem II.1.1.3], in particular (2.5) is highlighted in [13]. Part (iv) is an
extension, proved in [3, Theorem II.1.1.4], of some of the corresponding results
established in [20].
By exploiting the boundary condition (2.5) between the regular and the singular
part of a generic ψ ∈ D(Hα,Y ), it is straightforward to see that
(2.7) lim
rj↓0
(∂(rjψ)
∂rj
− 4παjrjψ
)
= 0 , rj := |x− yj | , j ∈ {1, . . . , N} ,
whence also
(2.8) lim
x→yj
(
ψ(x) − qj
4π|x− yj| − αjqj
)
= 0, j ∈ {1, . . . , N} .
Thus, the elements of D(Hα,Y ) satisfy the ‘physical’ (Bethe-Peierls) boundary con-
dition
(2.9) ψ(x) ∼
x→yj
qj
4π
( 1
|x− yj| −
1
aj
)
, aj := −(4παj)−1
at each centre of the point interaction (see (1.5) in the Introduction). In fact,
D(Hα,Y ) is nothing but the space of those L2-functions ψ such that the distribution
∆ψ belongs to L2(R3\Y ) and the boundary condition (2.7) is satisfied.
We also record two simple consequences of Theorem 2.1 which will turn out to
be useful in our discussion.
Lemma 2.2. The operator Hα,Y is a real self-adjoint operator, that is, for a real-
valued function ψ ∈ D(Hα,Y ), Hα,Y ψ is also real-valued.
Proof. Let z = iλ, λ > 0, be such that iλ 6∈ E and let ψ be a real-valued function in
D(Hα,Y ). Then, with the notation of the decomposition (2.5) of ψ, the asymptotics
(2.8) show that the coefficients q1, . . . , qN are all real. The entries of Γα,Y (iλ) are
real too, because Re z > 0. Then (2.5) implies that φz is real-valued and so must
be Hα,Y ψ + λ
2ψ, owing to (2.6). 
Lemma 2.3. If z = 0 is a pole of Γα,Y (z)
−1, then it is a pole of first order and in
a neighbourhood of z = 0 one has
Γα,Y (z)
−1 =
Θ
z
+ Γ
(reg)
α,Y (z)
for some constant matrix Θ and some analytic matrix-valued function Γ
(reg)
α,Y (z).
Proof. We recall first that for a generic self-adjoint operator T in a Hilbert space
H for which zero is not an eigenvalue, one has
lim
κ↓0
‖ iκ2(T + iκ2)−1u‖2 = lim
κ↓0
∫
R
∣∣∣∣ iκ2λ+ iκ2
∣∣∣∣2 〈u,E(T )(dλ)u〉
= ‖E(T )({0})u‖2 = 0 ∀u ∈ H .
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In our case, neither Hα,Y nor H0 have zero eigenvalue: therefore, applying the
above fact to the resolvent identity (2.3), one finds
lim
z→0
N∑
j,k=1
z2(Γα,Y (z)
−1)jk〈u,Gyjz 〉 〈Gyk−iz , v〉 = 0
for any u, v ∈ C∞0 (R3). Suppose that Γα,Y (z)−1 has a pole of order > 2 at z = 0
with matrix residue Θ˜: then the identity above implies
N∑
j,k=1
Θ˜jk〈u,Gyj0 〉 〈Gyk0 , v〉 = 0 ∀u, v ∈ C∞0 (R3) .
It follows that
N∑
j,k=1
Θ˜jk
|x− yj | |y − yk| = 0 , x, y ∈ R
3.
Since Θ˜ is a symmetric matrix, this implies Θ˜ = 0 and the pole must be of first
order. 
Last, we collect in the remaining part of this Section some results from one-
dimensional harmonic analysis which we shall make crucial use of in the course
of our discussion. For the definition of Caldero´n-Zygmund operators we refer to
[17, Definitions 7.4.1, 7.4.2] and to [18, Definitions 4.1.2 and 4.1.8], whereas for the
definition of Ap Muckenhaupt weights we refer to [17, Definitions 7.1.3]. We shall
use interchangeably the same symbol for a Caldero´n-Zygmund operator and for its
integral kernel.
The following properties are known.
Theorem 2.4.
(i) The convolution operator on R with a function L(x) is a Caldero´n-Zygmund
operator if L̂(ξ) is bounded and, for a constant C > 0, one has
|L(x)| 6 C |x|−1 and
∣∣∣dL
dx
(x)
∣∣∣ 6 C |x|−2 for x 6= 0 .
(ii) If L is a Caldero´n-Zygmund operator and w is an Ap-weight for some p ∈
(1,∞), then L is bounded in Lp(R, w(x)dx) in the sense that
(2.10)
∫
R
|(Lu)(x)|p w(x) dx 6
∫
R
|u(x)|p w(x) dx ∀u ∈ C∞0 (R) .
(iii) If w is an Ap-weight for some p ∈ (1,∞) and
(2.11) (M(u))(x) := sup
r>0
1
2r
∫
|x−y|<r
|u(y)| dy
is the Hardy-Littlewood maximal function of some u ∈ C∞0 (R), then
(2.12)
∫
R
|(M(u))(x)|p w(x) dx 6
∫
R
|u(x)|p w(x) dx .
If, for some function L(x) one has |L(x)| 6 A(x) in R for some A ∈ L1(R)
which is bounded, non-negative, even, and non-increasing on (0,+∞), then
|(L ∗ u)(x)| 6 C(M(u))(x), hence the convolution operator on R with the
function L(x) is bounded in Lp(R, w(x)dx).
(iv) The function |x|a is an Ap-weight on R if and only if a ∈ (−1, p− 1).
Concerning part (i) we refer to [18, Remark 4.1.1]. Part (ii) is a corollary of [17,
Theorem 7.4.6]. The first and second statement of part (iii) are respectively [29,
Theorem 1, Section V.3] and the Proposition in page 57 of [29, Section II.2.1]. For
part (iv) we refer to [17, Example 7.1.7].
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3. Stationary representation of wave operators
Following a standard procedure [25], in order to prove the Lp-boundedness of
W+α,Y we want to represent W
+
α,Y by means of the boundary values attained by the
resolvents of Hα,Y and H0 on the reals.
To this aim, we introduce the operators Ωjk, j, k ∈ {1, . . . , N}, acting on L2(R3)),
defined by
(Ωjkf)(x) := lim
δ↓0
1
πi
∫ +∞
0
dλλ e−δλ
×
(∫
R3
(Γα,Y (−λ)−1)jk G−λ(x)
(Gλ(y)− G−λ(y)) f(y)dy) ,(3.1)
and we also introduce the translation operators Tx0 : L
2(R3) → L2(R3), x0 ∈ R3,
defined by
(3.2) (Tx0f)(x) := f(x− x0) .
First of all, we show that the Ωij ’s are well-defined. It is convenient to re-write
Ωjk by using the spherical mean Mu of a given function u, namely
(3.3) Mu(r) :=
1
4π
∫
S2
u(rω) dω , r ∈ R .
Observe that R ∋ r 7→ Mu(r) is even. It is also convenient to define the matrix-
valued function λ 7→ F (λ) := (Fjk(λ))jk by
(3.4) Fjk(λ) := 1(0,+∞)(λ)λ (Γα,Y (−λ)−1)jk , j, k ∈ {1, . . . , N} ,
where 1Λ denotes the characteristic function of the set Λ.
Lemma 3.1.
(i) The function λ 7→ F (λ) of (3.4) is smooth and uniformly bounded on R,
and
(3.5) lim
λ→+∞
F (λ) = −4πi1 .
(ii) The limit (3.1) exists in L2(R3) and Ωjk may be written in the form
(3.6) (Ωjku)(x) =
1
i(2π)
3
2 |x|
∫
R
e−iλ|x| Fjk(λ)(̂rMu)(−λ) dλ .
If we introduce the distributional Fourier transform of Fjk(λ) as
(3.7) Ljk(ρ) :=
1√
2π
lim
δ↓0
∫ +∞
0
dλ e−δλe−iλρFjk(λ) ,
it follows from (3.6) that
(3.8) (Ωjku)(x) =
1
i(2π)
3
2 |x| (Ljk ∗ rMu)(|x|) .
Proof of Lemma 3.1. (i) Recall from Theorem 2.1(iv) that C ∋ z 7→ Γ−1α,Y (z) is a
meromorphic function, whose poles in the complex upper half-plane are all located
on the positive imaginary axis. In particular, the only pole on the real line can be
z = 0, in which case it is a pole of order one, owing to Lemma 2.3. This implies
that λ 7→ λΓ−1α,Y (−λ) is smooth and bounded on compact sets of (0,+∞), and so
is λ 7→ F (λ) on compact sets of R. Concerning the behaviour as λ→ +∞, we see
from (2.2) that
Γα,Y (−λ) = −(4πi)−1λ1+R(λ)
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for some symmetric matrix R(λ) that is uniformly bounded for λ ∈ (0,∞). Thus,
as λ→ +∞,
Γα,Y (−λ)
λ
= −(4πi)−11+ R(λ)
λ
→ −(4πi)−11 ,
which proves (3.5).
(ii) Let u ∈ C∞0 (R3). Then, for λ ∈ R,∫
R3
Gλ(y)u(y) dy =
∫
R3
eiλ|y|
4π|y| u(y) dy =
∫ +∞
0
eiλrrMu(r) dr .
Since R ∋ r 7→Mu(r) is even, the identity above yields∫
R3
(Gλ(y)− G−λ(y))u(y) dy = ∫
R
eiλr rMu(r) dr
=
√
2π (̂rMu)(−λ)
(3.9)
and (3.1) may be rewritten as
(3.10) (Ωjku)(x) = lim
δ↓0
1
(2π)
3
2 i|x|
∫ +∞
0
e−δλ Fjk(λ)e−iλ|x| (̂rMu)(−λ)dλ .
Here (̂rMu)(−λ) is a square integrable function of λ ∈ R because Parseval’s identity
and Ho¨lder’s inequality yield
‖(r̂Mu)(−λ)‖L2(R) = ‖rMu‖L2(R) 6 (
√
π)−1‖u‖L2(R3).
Since Fjk(λ) is bounded, the Fourier inversion formula implies that the limit δ ↓ 0
in (3.10) exists in L2(R3x) and (3.6) follows. 
The main result of this Section is the following representation formula for the
wave operator.
Proposition 3.2. Let u, v ∈ L2(R3). Then,
(3.11) 〈W+α,Y u, v〉 = 〈u, v〉+
N∑
j,k=1
〈TyjΩjkT ∗yku, v〉 .
Proof. It suffices to prove (3.11) for u, v ∈ C∞0 (R3).
The limit (1.10) when t→ +∞ equals its Abel limit, thus we re-write
(3.12) 〈W+α,Y u, v〉 = limε↓0 2ε
∫ +∞
0
〈e−it(H0−iε1)u, e−it(Hα,Y−iε1)v〉dt .
Let now µ ∈ R. Exploiting the Fourier transform
(H0 − (µ+ iε)1)−1 = i
∫ +∞
0
eiµt e−it(H0−iε1) dt (ε > 0)
(and the analogue for Hα,Y ), Parseval’s formula in the r.h.s. of (3.12) yields
(3.13) 〈W+α,Y u, v〉 = lim
ε↓0
ε
π
∫
R
〈R0(λ+ iε)u,Rα,Y (λ+ iε)v〉dλ .
Here and henceforth
(3.14)
R0(µ) := (H0 − µ1)−1 µ ∈ C \[0,+∞) ,
Rα,Y (µ) := (Hα,Y − µ1)−1 µ ∈ C \ σ(Hα,Y ) ,
that is, the resolvents of the operators H0 and Hα,Y .
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Substituting Rα,Y (λ+iε) in the r.h.s. of (3.13) with the resolvent identity (2.3),
one obtains
〈W+α,Y u, v〉 = limε↓0
ε
π
∫
R
〈R0(λ+ iε)u,R0(λ+ iε)v〉dλ
+ lim
ε↓0
ε
π
N∑
j,k=1
∫
R
(Γα,Y (
√
λ+ iε)−1)jk ×
× 〈R0(λ+ iε)u , Gyj√λ+iε ⊗ G
yk√
λ+iε
v 〉dλ .
(3.15)
The first summand in the r.h.s. of (3.15) gives
ε
π
∫
R
〈R0(λ+ iε)u,R0(λ+ iε)v〉dλ = ε
π
∫
R
〈u,R0(λ + iε)R0(λ+ iε)v〉dλ
=
ε
π
∫
R
dλ
∫
σ(H0)
〈u,E(H0)(dh)v〉 1
(h− λ)2 + ε2
=
∫
σ(H0)
〈u,E(H0)(dh)v〉 1
π
∫
R
dλ
ε
(h− λ)2 + ε2 = 〈u, v〉 ,
thus (3.15) reads
〈W+α,Y u, v〉 = 〈u, v〉+ lim
ε↓0
ε
π
N∑
j,k=1
∫
R
(Γα,Y (
√
λ+ iε)−1)jk ×
× 〈u,R0(λ+ iε)Gyj√λ+iε〉 〈G
yk√
λ+iε
, v 〉dλ .
(3.16)
We recall that
√
z is chosen in the upper complex half plane and, for z ∈ C \
[0,∞),
(3.17) Gyj√
z
(x) =
1
(2π)3
∫
R3
eip(x−yj)
p2 − z dp
(
≡ lim
L→∞
1
(2π)3
∫
|p|<L
eip(x−yj)
p2 − z dp
)
.
Thus, for z ≡ λ+ iε, both √λ+ iε and √λ− iε belong to C+, and we compute
ε
π
R0(λ− iε)Gyj√λ+iε(x) =
1
(2π)3
ε
π
∫
R3
eip(x−yj)
(p2 − λ+ iε)(p2 − λ− iε) dp
=
1
(2π)3
1
2πi
∫
R3
eip(x−yj)
( 1
(p2 − λ− iε) −
1
(p2 − λ+ iε)
)
dp
=
1
2πi
(
Gyj√
λ+iε
(x) − Gyj√
λ−iε(x)
)
.
(3.18)
The second summand in the r.h.s. of (3.16) can be then written as
lim
ε↓0
N∑
j,k=1
1
2πi
∫
R
dλ
( ∫
R3
dy u(y)
(
Gyj√
λ+iε
(y)− Gyj√
λ−iε(y)
)
× (Γα,Y (
√
λ+ iε)−1)jk
(∫
R3
dxGyk√
λ+iε
(x) v(x)
)
.
(3.19)
Because u and v are smooth and with compact support, an integration by
parts shows that both the dx-integral and the dy-integral in (3.19) above are
bounded by C〈λ〉− 12 uniformly in ε. Moreover, as established in Lemma 2.3,
the matrix Γα,Y (
√
λ+ iε)−1 has the singularity (
√
λ+ iε)−1 near λ = 0 (in the
limit ε ↓ 0) if Hα,Y has a zero-energy resonance, whereas it is bounded other-
wise, with ‖Γα,Y (
√
λ+ iε)−1‖ 6 C〈λ〉− 12 . Therefore the λ-integrand is uniformly
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bounded by Cλ−
1
2 〈λ〉−1, dominated convergence is applicable in (3.19) above, the
dλ-integration and the ε ↓ 0-limit can be exchanged, and (3.19) becomes
N∑
j,k=1
1
2πi
∫
R
dλ
(∫
R3
dy u(y)
(
Gyj√
λ+i0
(y)− Gyj√
λ−i0(y)
)
× (Γα,Y (
√
λ+ i0)−1)jk
(∫
R3
dxGyk√
λ+i0
(x) v(x)
)
.
(3.20)
Owing to the difference Gyj√
λ+i0
−Gyj√
λ−i0, we see that the λ-integration in (3.20)
is only effective when λ > 0. Indeed, if λ < 0, then
√
λ± i0 = i
√
|λ| and the
integrand vanishes. We then consider (3.20) only with λ ∈ [0,+∞) and with the
change of variable λ 7→ λ2 we obtain
second summand in the r.h.s. of (3.16) =
=
N∑
j,k=1
1
πi
∫ +∞
0
dλλ
( ∫
R3
dy u(y)
(
Gyjλ (y)− Gyj−λ(y)
)
× (Γα,Y (λ)−1)jk
(∫
R3
dxGykλ (x) v(x)
)
= lim
δ↓0
N∑
j,k=1
1
πi
∫ +∞
0
dλλ e−δλ
(∫
R3
dy u(y + yk)
(Gλ(y)− G−λ(y))
× (Γα,Y (λ)−1)jk
(∫
R3
dxGyjλ (x) v(x)
)
= lim
δ↓0
∫
R3
dx v(x)
N∑
j,k=1
∫ +∞
0
dλλ e−δλ
∫
R3
dy
×
( 1
πi
(Γα,Y (−λ)−1)jk Gyj−λ(x)
(Gλ(y)− G−λ(y))u(y + yk)).
(3.21)
In the first step of (3.21) above we used the fact that
√
λ2 ± i0 = ±λ for λ > 0.
In the second step, the insertion of the exponential cut-off e−δλ is justified by the
fact that the λ-integrand is uniformly bounded by C〈λ〉− 52 , as discussed above; we
also exchanged j ↔ k, using the fact that Γα,Y (λ)−1 is symmetric, and made the
change of variable y 7→ y+ yk, using (2.1). In the third step we used the properties
Gλ(x) = G−λ(x) and Γα,Y (λ)−1 = Γα,Y (−λ)−1 that follow, respectively, from (2.1)
and (2.2). The identity (3.11) then follows immediately from (3.21). 
Summarising so far, we produced the representation (3.1)-(3.11) of the kernel of
the wave operator W+α,Y . Because of the obvious L
p-boundedness of Tx0 , in order
to prove Theorem 1.1 it suffices to study the Lp-boundedness or unboundedness of
each Ωjk, that is, to consider the quantities
(3.22) ‖Ωjku‖pLp(R3) =
4π
(2π)3p/2
∫ +∞
0
|(Ljk ∗ ρMu)(ρ)|p ρ2−p dρ ,
whose expression follows from (3.8).
For a more compact notation, it is convenient to introduce the matrix functions
(3.23) L(ρ) := (Ljk(ρ))jk , Ω(ρ) := (Ωjk(ρ))jk ,
in terms of which
(3.24) (Ωu)(x) =
1
i(2π)
3
2 |x|
∫ +∞
0
e−iλ|x| F (λ)(̂rMu)(−λ) dλ
Lp-BOUNDEDNESS OF WAVE OPERATORS FOR MULTI-CENTRE 13
and
(3.25) (Ωu)(x) =
1
i(2π)
3
2 |x| (L ∗ rMu)(|x|) .
The additional formulas (3.24)/(3.25) have the virtue of reducing the problem to the
estimate of singular integral operators in one dimensions and will play an important
role in our next arguments – although in certain steps we need to go back to the
more complicated, but more flexible expression (3.1).
4. Lp-bounds for the single centre case.
In this Section and in the two following ones we present the proof of Theorem 1.1.
In fact, only the statements concerning the boundedness and the unboundedness
of W±α,Y need be proved, because the existence of W
±
α,Y in L
2(R3) and their com-
pleteness follow at once from the Birman-Kato-Pearson Theorem [27], due to the
fact (Theorem 2.1(i), identity (2.3)) that the resolvent difference Rα,Y (z) − R0(z)
is a rank-N operator.
We also observe that, by virtue of Lemma 2.2, the complex conjugation u 7→
Cu := u reverses the direction of time, i.e.,
(4.1) C−1e−itHα,Y C = eitHα,Y , C−1e−itH0C = eitH0 ,
whence
(4.2) W−α,Y = C−1W+α,Y C .
Thus, once the Lp-boundedness is proved forW+α,Y and all p ∈ (1, 3), the same result
follows for W−α,Y via (4.2). Analogously, it suffices to prove the L
p-unboundedness
of W+α,Y , for p = 1 and p ∈ [3,∞), in order to have same result for W−α,Y .
We start with the proof of the boundedness part of Theorem 1.1 in the special
case of N = 1 centre. This case is simpler, for the oscillating terms Gyj ,ykλ are now
absent, nevertheless it retains most of the essential ideas needed in the proof of the
general case, which is the object of the following Section 5.
We shall control the two regimes p ∈ (1, 32 ) and p ∈ (32 , 3) separately. Then the
overall Lp-boundedness for p ∈ (1, 3) follows by interpolation.
4.1. Lp-boundedness of W+α,Y for N = 1 and p ∈ (32 , 3). In this regime the
proof is based on Theorem 2.4 and on the following fact.
Lemma 4.1. Suppose that [0,+∞) ∋ λ 7→W (λ) is a smooth and bounded function
such that λ 7→W ′(λ) and λ 7→ λW ′′(λ) are both integrable. Let Z(ρ), ρ ∈ R, be the
Fourier transform of W (λ), in the sense of distributions, defined by
Z(ρ) =
1√
2π
∫ +∞
0
dλ e−iλρW (λ) .
Then, the convolution operator with Z(ρ) is a Caldero´n-Zygmund operator on R.
In particular, the operator u 7→ L∗u, where L is defined in (3.7) for the case N = 1,
is of Caldero´n-Zygmund type.
Proof. The operator of convolution with Z is bounded in L2(R) because Z is the
Fourier transform of a bounded function W . Integration by parts, using e−iλρ =
iρ−1∂λe−iλρ, yields
Z(ρ) =
i
ρ
√
2π
W (0)− i
ρ
√
2π
∫ +∞
0
dλ e−iλρW ′(λ) 6| · |
C
|ρ| , ρ 6= 0 ,
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and differentiating further in ρ yields
Z ′(ρ) = − iW (0)
ρ2
√
2π
+
i
ρ2
√
2π
∫ +∞
0
dλ e−iλρW ′(λ)
− 1
ρ
√
2π
∫ +∞
0
dλ e−iλρ λW ′(λ) .
The first two summands in the r.h.s. above are obviously bounded in absolute value
by C|ρ|−2 for ρ 6= 0; so too is the third summand, as follows from integration by
parts:
−1
ρ
√
2π
∫ +∞
0
dλ e−iλρ λW ′(λ) =
i
ρ2
√
2π
∫ +∞
0
dλ e−iλρ(W ′(λ) + λW ′′(λ))
6| · |
C
ρ2
, ρ 6= 0 .
Thus, we conclude from Theorem 2.4(i) that u 7→ Z ∗ u is a Caldero´n-Zygmund
operator on R. Concerning the second statement of the thesis, we see that in the
case N = 1 (3.4) reads
(4.3) F (λ) = λ
(
α+
iλ
4π
)−1
.
F is therefore bounded and smooth on [0,+∞) and both F ′(λ) and λF ′′(λ) are
integrable, whence the conclusion for the operator of convolution by L defined in
(3.7). 
The proof of the Lp-boundedness ofW+α,Y for N = 1 and p ∈ (32 , 3) then becomes
particularly simple. First, we recall from (3.22) that
‖Ωu‖pLp(R3) =
4π
(2π)3p/2
∫ +∞
0
|(L ∗ ρMu)(ρ)|p ρ2−p dρ ,
where ρ2−p is an Ap-weight for p ∈ (32 , 3) (Theorem 2.4(iv)) and the convolution
with L is a Caldero´n-Zygmund operator on R (Lemma 4.1). Then it follows from
Theorem 2.4(ii) that
‖Ωu‖pLp(R3) 6
∫ +∞
0
|(ρMu)(ρ)|p ρ2−p dρ =
∫ +∞
0
|Mu(ρ)|p ρ2 dρ
6 Cp ‖u‖pLp(R3)
(4.4)
for some constant Cp > 0, whence the conclusion.
4.2. Lp-boundedness of W+α,Y for N = 1 and p ∈ (1, 32 ). In the regime p ∈ (1, 32 )
the general harmonic analysis treatment provided by Theorem 2.4 only allows us
to find an Lp-bound to part of the function (see (3.6) above)
(Ωu)(x) =
1
i(2π)
3
2 |x|
∫ +∞
0
e−iλ|x| F (λ)(̂rMu)(−λ) dλ ,
whereas for the remaining part we need to produce further analysis.
Integrating by parts the above expression of Ωu, using e−iλρ = iρ−1∂λe−iλρ,
yields
(4.5) Ωu = Ω1u+Ω2u ,
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where
(Ω1u)(x) :=
−i
(2π)
3
2 |x|2
∫ +∞
0
e−iλ|x| F (λ) ̂(r2Mu)(−λ) dλ ,
(Ω2u)(x) :=
−1
(2π)
3
2 |x|2
∫ +∞
0
e−iλ|x| F ′(λ)(̂rMu)(−λ) dλ .
(4.6)
Now, concerning Ω1u, we re-write
(4.7) (Ω1u)(x) =
−i
(2π)
3
2 |x|2 (L ∗ r
2Mu)(|x|)
with L given by (3.7). Owing to Lemma 4.1, u 7→ L ∗ u is a Caldero´n-Zygmund
operator, and owing to Theorem 2.4(iv), |x|2−2p is an Ap-weight on R for p ∈ (1, 32 ).
Therefore,
‖Ω1u‖pLp(R3) =
4π
(2π)3p/2
∫ +∞
0
|(L ∗ ρ2Mu)(ρ)|p ρ2−2p dρ
6
∫ +∞
0
|ρ2Mu(ρ)|p ρ2−2p dρ =
∫ +∞
0
|Mu(ρ)|p ρ2 dρ
6 Cp ‖u‖pLp(R3)
(4.8)
for some constant Cp > 0, where in the second step we applied Theorem 2.4(ii).
This proves the Lp-boundedness of Ω1.
Concerning Ω2u, instead, we re-write
(4.9) (Ω2u)(x) =
−1
(2π)
3
2 ρ2
(L ∗ rMu)(ρ) ,
where L is the Fourier transform of the function 1(0,∞)F ′(λ), and
(4.10) F ′(λ) = α
(
α+
iλ
4π
)−2
.
Thus, in the non-trivial case α 6= 0 F ′ is smooth and bounded, and correspondingly
both F ′′ and λF ′′′ are integrable. This implies, through Lemma 4.1, that u 7→ L∗u
is a Caldero´n-Zygmund operator on R. Since |x|2−2p is an Ap-weight on R for
p ∈ (1, 32 ) (Theorem 2.4(iv)), then Theorem 2.4(ii) yields
‖Ω2u‖pLp(R3) =
4π
(2π)3p/2
∫ +∞
0
|(L ∗ ρMu)(ρ)|p ρ2−2p dρ
6
∫ +∞
0
|ρMu(ρ)|p ρ2−2p dρ 6 C
∫
R3
|u(x)|p
|x|p dx
(4.11)
for some constant C > 0. This shows that
(4.12) ‖Ω21{|x|>1}u‖pLp(R3) 6 C ‖1{|x|>1}u‖pLp(R3) .
For Lp-functions supported on |x| 6 1 a further argument is needed. In other
words, so far from (4.8) and (4.12) we have
‖Ωu‖pLp(R3)
6 2‖Ω1u‖pLp(R3) + 2‖Ω21{|x|>1}u‖pLp(R3) + 2‖Ω21{|x|61}u‖pLp(R3)
6 Cp‖u‖pLp(R3) + C‖1{|x|>1}u‖pLp(R3) + 2‖Ω21{|x|61}u‖pLp(R3) ,
(4.13)
and we are left with producing the estimate
(4.14) ‖Ω21{|x|61}u‖Lp(R3) 6 Cp‖1{|x|61}u‖pLp(R3) .
To this aim, let us establish first the following result.
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Lemma 4.2. Suppose that [0,+∞) ∋ y 7→ Y (y) is a bounded C1-function such that
λ 7→ λθY (λ) and λ 7→ (1 + λ)θY ′(λ) are both integrable for all θ ∈ (0, 1), and let
(4.15) T (x, y) :=
1
|x|2
∫ +∞
0
(e−iλ(|x|−|y|) − e−iλ(|x|+|y|)
4π|y|
)
Y (λ) dλ
for x, y ∈ R3. Then, for any R > 0 and p ∈ (1, 32 ), the integral operator T on R3
with the integral kernel T (x, y) is Lp(ΛR) → Lp(R3) bounded, with ΛR := {x ∈
R3 | |x| 6 R}.
Proof. We only consider the case R = 1, the proof for generic R is similar. Let us
deal with the region |x| 6 10 first. Since |e−iλ(|x|−|y|) − e−iλ(|x|+|y|)| 6 2(λ|y|)1−θ
for any θ ∈ (0, 1), and since λ1−θY ∈ L1(0,+∞), then
|T (x, y)| 6 1
2π|x|2|y|θ
∫ +∞
0
|Y (λ)|λ1−θ dλ 6 Cθ|x|2|y|θ , |x| 6 10 ,
for some constant Cθ > 0. For fixed p in (1,
3
2 ), we take θ ∈ (0, 1) such that p′θ < 3,
where p′ = pp−1 as usual. With this choice, |y|−θ ∈ Lp
′
(Λ1) and |x|−2 ∈ Lp(Λ10),
with ΛR = {x ∈ R3 | |x| 6 R} as in the statement of the Lemma. For each
f ∈ Lp(Λ1), Ho¨lder’s inequality and the above bound for |T (x, y)| then imply
‖Tf‖Lp(Λ10) 6 Cθ ‖|x|−2‖Lp(Λ10) · ‖f‖Lp(Λ1) · ‖|y|−θ‖Lp′(Λ1) = κ−p ‖f‖Lp(Λ1)
for some constant κ−p > 0. Next, let us consider the region |x| > 10. Integration
by parts gives
T (x, y) =
1
4π|x|2|y|
∫ +∞
0
∂λ
( e−iλ(|x|−|y|)
−i(|x| − |y|) −
e−iλ(|x|+|y|)
−i(|x|+ |y|)
)
Y (λ) dλ
=
1
4π i |x|2|y|
( 1
|x| − |y| −
1
|x|+ |y|
)
Y (0)(I)
+
1
4π i |x|2|y|
∫ +∞
0
(e−iλ(|x|−|y|)
|x| − |y| −
e−iλ(|x|+|y|)
|x|+ |y|
)
Y ′(λ) dλ .(II)
Since |x| ± |y| > 910 |x| > 9 whenever |x| > 10 and |y| 6 1, and since Y is bounded,
then clearly
|(I)| 6 C|x|4 6
C
|x|3 |y|θ
for some constant C > 0 and any θ ∈ (0, 1). As for the summand (II), since
e−iλ(|x|−|y|)
|x| − |y| −
e−iλ(|x|+|y|)
|x|+ |y| 6| · |
2 |y|
|x|2 − |y|2 +
(2λ|y|)1−θ
|x|+ |y|
6 C
( |y|
|x|2 +
(λ|y|)1−θ
|x|
)
for some constant C > 0 and any θ ∈ (0, 1), and since (1 + λ)1−θ Y ′ ∈ L1(0,+∞),
then
|(II)| 6 C|x|2|y|
( |y|
|x|2 +
|y|1−θ
|x|
)
= C
( 1
|x|4 +
1
|x|3|y|θ
)
6
2C
|x|3 |y|θ
and hence also
|T (x, y)| 6 C|x|3 |y|θ , |x| > 10 ,
for some constant C > 0 and any θ ∈ (0, 1). For fixed p ∈ (1, 32 ), we take θ ∈ (0, 1)
such that p′θ < 3 and f ∈ Lp(Λ1): with this choice, Ho¨lder’s inequality yields
‖Tf‖Lp(R3\Λ10) 6 Cθ ‖|x|−3‖Lp(R3\Λ10) · ‖f‖Lp(Λ1) · ‖|y|−θ‖Lp′(Λ1)
= κ+p ‖f‖Lp(Λ1)
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for some constant κ+p > 0. Combining the above bounds yields the boundedness of
T as a map from Lp(Λ1) to L
p(R3). 
Let us now complete the proof of the Lp-boundedness of W+α,Y for N = 1 and
p ∈ (1, 32 ). We only need to show (4.14). Upon re-writing the second equation in
(4.6) by means of (3.9), that is,
(4.16) (Ω2u)(x) =
−1
(2π)2|x|2
∫ +∞
0
e−iλ|x|F ′(λ)
( ∫
R3
eiλ|y| − e−iλ|y|
4π|y| u(y) dy
)
dλ ,
it is immediate to recognise that
(4.17) Ω2u = −(2π)−2 Tu ,
where T is the integral operator given by (4.15) with Y ≡ F ′, and F ′ does satisfy
the assumptions of Lemma 4.2. From this, we conclude (4.14) at once.
5. Lp-bounds for the general multi-centre case.
The additional complication in the case N > 2 is due to the presence, in the
function F defined in (3.4) and (3.23), of the terms Gyjykλ (definitions (2.1)-(2.2)),
which are oscillatory in λ.
Let us start the discussion by re-writing
(5.1) F (λ) = λΓα,Y (−λ)−1 = λ
(
A+ iλ
4π
1− G˜(−λ)
)−1
, λ > 0 ,
with
A := diag(α1, . . . , αN ) ,(5.2)
G˜(λ) := (Gyjykλ )j,k=1,...,N .(5.3)
We decompose F (λ) into a small-λ and a large-λ part by means of two cut-off
functions ω< and ω> such that
ω< ∈ C∞0 (R) , ω>(λ) := 1− ω<(λ) ,
ω<(λ) =
{
1 if |λ| 6 γ
0 if |λ| > 2γ ,
(5.4)
where γ > 0 is a sufficiently large number so that,
(5.5) ‖A− G˜(−λ)‖ < |λ|(16π)−1 , |λ| > γ
(‖E‖ being the operator norm of the matrix E as an operator on CN ), and the
r.h.s. of (5.1) is invertible. Explicitly,
(5.6) F = F< + F> , F< := ω<F , F
> := ω>F .
From (5.1) and (5.5) we expand
F>(λ) = −4πiω>(λ)
{
1− 4πi
λ
(A− G˜(−λ)) + (4πi
λ
(A− G˜(−λ)))2}
− 4πiω>(λ)
(4πi
λ
(A− G˜(−λ)))3(1− 4πi
λ
(A− G˜(−λ)))−1 .(5.7)
We collect all terms that do not contain G˜(−λ) or for which the oscillation of G˜(−λ)
is harmless into the quantity
F (0)(λ) := F<(λ)− 4πiω>(λ)
{
1− 4πi
λ
A− 16π
2
λ2
A2
}
− 4πiω>(λ)
(4πi
λ
(A− G˜(−λ)))3(1− 4πi
λ
(A− G˜(−λ)))−1,(5.8)
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whereas
F (1)(λ) := 4πiω>(λ)
×
{
− 4πi
λ
G˜(−λ)− 16π
2
λ2
(A G˜(−λ) + G˜(−λ)A)+ 16π2
λ2
G˜(−λ)2
}(5.9)
contains the oscillations explicitly.
Thus,
(5.10) F = F (0) + F (1) and Ω = Ω(0) +Ω(1) ,
where, by means of (3.24),
(Ω(ℓ)u)(x) :=
1
i(2π)
3
2 |x|
∫ +∞
0
e−iλ|x| F (ℓ)(λ)(̂rMu)(−λ) dλ ,
ℓ ∈ {0, 1} .
(5.11)
5.1. Lp-boundedness of Ω(0). The Lp-boundedness of the map u 7→ Ω(0)u can
be established via a straightforward adaptation of the arguments of Section 4, of
course understanding that this is done for each component Ω
(0)
jk , and this is possible
precisely thanks to the lack of relevant oscillations in Ω(0).
This means that first we write, in analogy to (3.25),
(5.12) (Ω(0)u)(x) =
1
i(2π)
3
2 |x| (F̂
(0) ∗ rMu)(|x|) ,
and it is easy to check that F (0) satisfies the properties of the functionW in Lemma
4.1, from which, reasoning as in (4.4),
(5.13) ‖Ω(0)u‖Lp(R3) 6 Cp ‖u‖Lp(R3) , p ∈ (32 , 3) ,
for some constant Cp > 0.
Then, in analogy to (4.5), (4.6), (4.7), (4.9), and (4.16), we split
(5.14) Ω(0)u = Ω
(0)
1 u+Ω
(0)
2 u
with
(Ω
(0)
1 u)(x) :=
−i
(2π)
3
2 |x|2
∫ +∞
0
e−iλ|x| F (0)(λ) ̂(r2Mu)(−λ) dλ ,
=
−i
(2π)
3
2 |x|2 (F̂
(0) ∗ r2Mu)(|x|)
(5.15)
and
(Ω
(0)
2 u)(x) :=
−1
(2π)
3
2 |x|2
∫ +∞
0
e−iλ|x| F (0)
′
(λ)(̂rMu)(−λ) dλ
=
−1
(2π)
3
2 ρ2
(L(0) ∗ rMu)(ρ)
=
−1
(2π)2|x|2
∫ +∞
0
e−iλ|x|F (0)
′
(λ)
( ∫
R3
eiλ|y| − e−iλ|y|
4π|y| u(y) dy
)
dλ ,
(5.16)
where L(0) is the Fourier transform of the function 1(0,∞)F (0)′.
Since, as observed already, F (0) behaves likeW in Lemma 4.1, we have, reasoning
as in (4.8),
(5.17) ‖Ω(0)1 u‖Lp(R3) 6 Cp ‖u‖Lp(R3) , p ∈ (1, 32 ) ,
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and since 1(0,∞)F (0)
′
too satisfies the properties of the functionW in Lemma 4.1, we
have, using the second line in the r.h.s. of (5.16) and reasoning as in (4.11)-(4.12),
(5.18) ‖Ω(0)2 1{|x|>1}u‖Lp(R3) 6 Cp ‖1{|x|>1}u‖Lp(R3) , p ∈ (1, 32 ) ,
for some constant Cp > 0. Last, since 1(0,∞)F (0)
′
satisfies the properties of the
function Y in Lemma 4.2, we have, using the third line in the r.h.s. of (5.16) and
reasoning as in (4.16)-(4.17) and (4.14),
(5.19) ‖Ω(0)2 1{|x|61}u‖Lp(R3) 6 Cp ‖1{|x|61}u‖Lp(R3) , p ∈ (1, 32 ) .
Combining together the bounds (5.13), (5.17), (5.18), and (5.19), plus interpo-
lation so as to cover also the case p = 32 , yields finally
(5.20) ‖Ω(0)u‖Lp(R3) 6 Cp ‖u‖Lp(R3) , p ∈ (1, 3) ,
for some constant Cp > 0.
5.2. Lp-boundedness of Ω(1). The proof of the Lp-boundedness of the map u 7→
Ω(1)u is somewhat more involved, however the basic idea of the proof is similar to
that for Ω(0). First we re-write (5.11) in analogy to (3.24) and (5.12) as
(5.21) (Ω(1)u)(x) =
1
i(2π)
3
2 |x| (F̂
(1) ∗ rMu)(|x|) .
Owing to (5.9), the matrix elements of F (1)(λ) entering (5.11) and (5.21) above are
of the form
ω>(λ)
λ
e−iλ|yj−yk|
|yj − yk| ,
ω>(λ)
λ2
e−iλ|yj−yk|
|yj − yk| ,
ω>(λ)
λ2
e−iλ|yj−yk|
|yj − yk|
e−iλ|yr−ys|
|yr − ys|
(observe that the λ-dependence of the matrix elements of G˜ in (5.9) is G˜(−λ)). This
means that denoting by a > 0 any of the numbers |yj − yk| or |yj − yk|+ |yr − ys|
and by X(λ) the function λ−1ω>(λ) or λ−2ω>(λ), formulas (5.11) and (5.21) imply
that Ω(1)u is a linear combination of terms of the form
(Ξu)(x) :=
1
i |x|
∫ +∞
0
e−iλ(|x|+a)X(λ) (̂rMu)(−λ) dλ
=
1
i |x| (X̂ ∗ rMu)(|x|+ a) ,
(5.22)
and we need to prove the Lp-boundedness of the map u 7→ Ξu. In fact, we shall
establish it for each of the two terms of the bound
(5.23) ‖Ξu‖Lp(R3) 6 ‖1{|x|>R}Ξu‖Lp(R3) + ‖1{|x|6R}Ξu‖Lp(R3)
for a suitable R > 0.
Let us cast the discussion of such two terms into the following two Lemmas. The
combination of (5.23) above with (5.24) and (5.25) below will then complete the
proof of the Lp-boundedness of Ω(1).
Lemma 5.1. For any p ∈ (1, 3) and R > a there exists a constant Cp > 0 such
that
(5.24) ‖1{|x|>R}Ξu‖Lp(R3) 6 Cp ‖u‖Lp(R3)
for all u ∈ Lp(R3), where Ξu is defined in (5.22).
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Proof. We consider first the case p ∈ (32 , 3). From (5.22) and from the fact that
ρ > R+ a implies 12ρ 6 ρ− a 6 ρ,
‖1{|x|>R}Ξu‖pLp(R3) = 4π
∫ +∞
R
ρ2−p
∣∣(X̂ ∗ rMu)(ρ+ a)∣∣p dρ
= 4π
∫ +∞
R+a
(ρ− a)2−p
∣∣(X̂ ∗ rMu)(ρ)∣∣p dρ
6 Cp
∫ +∞
0
∣∣(X̂ ∗ rMu)(ρ)∣∣p ρ2−pdρ .
Now, ρ2−p is an Ap-weight on R because p ∈ (32 , 3) (Theorem 2.4(iv)) and the
convolution with X̂ is a Caldero´n-Zygmund operator on R because the function X
obviously satisfies the properties of the function W in Lemma 4.1. Then it follows
from Theorem 2.4(ii) that
‖1{|x|>R} Ξu‖pLp(R3) 6 Cp
∫ +∞
0
|(ρMu)(ρ)|p ρ2−p dρ 6 C′p‖u‖pLp(R3)
for suitable C′p > 0. The Lemma is then proved in the case p ∈ (32 , 3).
Next we consider the case p ∈ (1, 32 ). Integration by parts in (5.22), using
e−iλ(ρ+a) = i(ρ+ a)−1∂λe−iλ(ρ+a), yields
Ξu = Ξ1u+ Ξ2u
with
(Ξ1u)(x) :=
−i
|x|(|x|+ a)
∫ +∞
0
e−iλ(|x|+a)X(λ) ̂(r2Mu)(−λ) dλ
=
−i
|x|(|x|+ a) (X̂ ∗ r
2Mu)(|x| + a)
and
(Ξ2u)(x) :=
−1
|x|(|x|+ a)
∫ +∞
0
e−iλ(|x|+a)X ′(λ) (̂rMu)(−λ) dλ
=
−1
|x|(|x| + a) (X̂
′ ∗ rMu)(|x| + a) .
Up to a change of variable, the quantity ‖1{|x|>R} Ξ1u‖Lp(R3) is estimated precisely
as the quantity ‖Ω1u‖Lp(R3) in Section 4.2 – see (4.8) above. Indeed,
‖1{|x|>R} Ξ1u‖pLp(R3) =
∫ +∞
R
4πρ2
ρp(ρ+ a)p
|(X̂ ∗ r2Mu)(ρ+ a)|p dρ
=
∫ +∞
R+a
4π(ρ− a)2−pρ−p |(X̂ ∗ r2Mu)(ρ)|p dρ
6 C
∫ +∞
0
|(X̂ ∗ r2Mu)(ρ)|p ρ2−2p dρ
6 C
∫ +∞
0
|Mu(ρ)|p ρ2 dρ 6 Cp‖u‖pLp(R3)
for some constants C,Cp > 0, having used
1
2ρ 6 ρ − a 6 ρ in the third step and
Theorem 2.4(ii) in the fourth step. This was possible because ρ2−2p is an Ap-weight
on R for p ∈ (1, 32 ) (Theorem 2.4(iv)) and because f 7→ X̂∗f is a Caldero´n-Zygmund
operator on R (the function X does satisfy the assumptions on the function W in
Lemma 4.1).
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It remains to estimate the quantity ‖1{|x|>R}Ξ2u‖Lp(R3) in the regime p ∈ (1, 32 )
and we proceed by splitting
‖1{|x|>R} Ξ2u‖pLp(R3) =
= ‖1{|x|>R}Ξ21{|x|>R}u‖pLp(R3) + ‖1{|x|>R}Ξ21{|x|6R}u‖pLp(R3) .
For estimating ‖1{|x|>R} Ξ21{|x|>R}u‖Lp(R3) we observe that
‖1{|x|>R}Ξ2u‖pLp(R3) =
∫ +∞
R
4πρ2
ρp(ρ+ a)p
|(X̂ ′ ∗ rMu)(ρ+ a)|p dρ
=
∫ +∞
R+a
4π(ρ− a)2−pρ−p |(X̂ ′ ∗ rMu)(ρ)|p dρ
6 C
∫ +∞
0
|(X̂ ′ ∗ rMu)(ρ)|p ρ2−2p dρ(*)
for some constant C > 0, where we used again 12ρ < ρ−a 6 ρ. Then we can proceed
exactly as in (4.11)-(4.12), because ρ2−2p is an Ap-weight on R for p ∈ (1, 32 ) and
f 7→ X̂ ′ ∗ f is a Caldero´n-Zygmund operator on R; the conclusion is the same as in
(4.12), that is,
‖1{|x|>R}Ξ21{|x|>R}u‖pLp(R3) 6 Cp ‖1{|x|>R}u‖pLp(R3)
for some constant Cp > 0. We also observe from (*) that
‖1{|x|>R}Ξ2u‖pLp(R3)
6
∫
R3
dx
∣∣∣ 1|x|2
∫ +∞
0
e−iλ|x|X ′(λ) (̂rMu)(−λ) dλ
∣∣∣p = ‖Ξ˜2u‖pLp(R3) ,
where Ξ˜2u has precisely the same structure as Ω2u in (4.6) with the function X
′
here in place of the function F ′ therein. Therefore, as argued in (4.16)-(4.17), since
X ′ satisfies the assumptions on the function Y in Lemma 4.2, the conclusion is the
same as in (4.14), that is,
‖1{|x|>R}Ξ21{|x|6R}u‖pLp(R3) 6 Cp ‖1{|x|6R}u‖pLp(R3)
for some constant Cp > 0. Therefore,
‖1{|x|>R}Ξ2u‖pLp(R3) 6 Cp ‖u‖pLp(R3)
and Lemma is then proved in the case p ∈ (1, 32 ).
Last, by interpolation the Lemma is also proved in the case p = 32 . 
Lemma 5.2. For any p ∈ (1, 3) and R > 100a there exists a constant Cp > 0 such
that
(5.25) ‖1{|x|6R}Ξu‖Lp(R3) 6 Cp ‖u‖Lp(R3)
for all u ∈ Lp(R3), where Ξu is defined in (5.22).
Proof. By means of (3.9) we see that the map u 7→ Ξu defined in (5.22) is an
integral operator with kernel i4π KΞ(x, y) given by
(5.26) KΞ(x, y) :=
1√
2π
∫ +∞
0
e−iλ(|x|+a)(e−iλ|y| − eiλ|y|)
|x| |y| X(λ) dλ .
Since X(λ) = λ−1ω>(λ) or λ−2ω>(λ), obviously ρ 7→ X̂(ρ) is smooth for ρ 6= 0
and with rapid decrease as ρ → +∞. Moreover, since X ∈ Lq(R) for any q > 1,
X̂ ∈ Lp(R) for any p ∈ [2,∞), owing to the Hausdorff-Young inequality. Thus,
X̂ ∈ Lp(R) for any p ∈ [1,∞).
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We shall prove the Lemma by splitting
‖1{|x|6R} Ξu‖pLp(R3)
= ‖1{|x|6R}Ξ1{|x|>10R}u‖pLp(R3) + ‖1{|x|6R} Ξ1{|x|610R}u‖pLp(R3)
(5.27)
and estimating separately the two summands in the r.h.s. above.
When R > 100a, |x| 6 R, and |y| > 10R, one has |X̂(|x| ± |y|+ a)| 6 Cn〈y〉−n
for any n ∈ N and suitable constants Cn > 0, which follows from the rapid decrease
of X̂ . Then the identity
(5.28) KΞ(x, y) =
X̂(|x|+ a+ |y|)− X̂(|x| + a− |y|)
|x||y|
shows that in this regime |KΞ(x, y)| 6 2Cn|x|−1|y|−1〈y〉−n. Therefore, for any
p ∈ (1, 3) and corresponding n large enough,
‖KΞ(x, ·)1{|·|>10R}‖Lp′(R3) 6
2Cn
|x|
(∫
|y|>10R
1
|y|p′〈y〉np′
)1/p′
6
Cp
|x|
for some constant Cp > 0. The latter bound and Ho¨lder’s inequality then yield, for
any p ∈ (1, 3),
‖1{|·|6R} Ξ1{|·|>10R}u‖pLp(R3)
6
∫
R3
dx1{|x|6R}(x)
∣∣∣ ∫
R3
dy KΞ(x, y)1{|y|>10R}(y)u(y)
∣∣∣p
6 Cp
∥∥∥ 1{|x|6R}|x| ∥∥∥pLp(R3) ‖1{|·|>10R}u‖pLp(R3)
= C′p ‖1{|·|>10R}u‖pLp(R3)
(5.29)
for some constant C′p > 0.
This provides the first partial estimate for the proof of (5.25): the proof is
completed when we show in addition that
(5.30) ‖1{|·|6R} Ξ1{|·|610R}u‖pLp(R3) 6 Cp ‖1{|·|610R}u‖pLp(R3)
for any p ∈ (1, 3) and suitable constant Cp > 0. We shall establish (5.30) above in
three separate regimes: p ∈ (2, 3), p ∈ (32 , 2), and p ∈ (1, 32 ). By interpolation, also
the cases p = 32 and p = 2 will then be covered.
From (5.28) we estimate
‖KΞ(x, ·)1{|·|610R}‖Lp′(R3)
6
(4π)
1
p′
|x|
∑
±
(∫ 10R
0
dρ ρ2−p
′ |X̂(|x|+ a± ρ)|p′
)1/p′
.
(5.31)
When p ∈ (2, 3), and hence p′ ∈ (32 , 2), we have ρ2−p
′
6 (10R)2−p
′
for every
ρ ∈ [0, 10R], and (5.31) then yields
(5.32) ‖KΞ(x, ·)1{|·|610R}‖Lp′(R3) 6 C
‖X̂‖Lp′(R)
|x| .
When instead p ∈ (32 , 2), and hence p′ ∈ (2, 3), the r.h.s. of (5.31) is estimated with
Ho¨lder’s inequality, with weights q = p
′−1
2(p′−2) and q
′ = p
′−1
3−p′ , as
‖KΞ(x, ·)1{|·|610R}‖Lp′(R3)
6
C
|x|
( ∫ 10R
0
dρ
ρ
p′−1
2
)2(2−p)
p′ ‖X̂‖
L
p′(p′−1)
3−p′ (R)
.
(5.33)
Lp-BOUNDEDNESS OF WAVE OPERATORS FOR MULTI-CENTRE 23
In order to obtain analogous estimates to (5.32)-(5.33) in the remaining regime
p ∈ (1, 32 ), it is convenient to integrate by parts in (5.26), using e−iλ(|x|+a) =
i(|x|+ a)−1∂λe−iλ(|x|+a), so as to split
(5.34) KΞ(x, y) = K
(1)
Ξ (x, y) +K
(2)
Ξ (x, y)
with
K
(1)
Ξ (x, y)
:=
−1√
2π |x|(|x|+ a)
∫ +∞
0
(e−iλ(|x|+a+|y|) + eiλ(|x|+a−|y|)X(λ) dλ
=
−1
|x|(|x|+ a)
(
X̂(|x|+ a+ |y|) + X̂(|x| + a− |y|))
(5.35)
and
K
(2)
Ξ (x, y)
:=
−i√
2π |x|(|x| + a)|y|
∫ +∞
0
e−iλ(|x|+a)(e−iλ|y| − eiλ|y|)X ′(λ) dλ .
(5.36)
Using (5.35) we get
‖K(1)Ξ (x, ·)1{|·|610R}‖Lp′(R3)
6
(4π)
1
p′
|x|(|x| + a)
∑
±
( ∫ 10R
0
dρ ρ2 |X̂(|x|+ a± ρ)|p′
)1/p′
6
2 (4π)
1
p′ (10R)2
|x|(|x| + a) ‖X̂‖Lp′(R) .
(5.37)
As for K
(2)
Ξ , we exploit (5.36) using the bound |X ′(λ)| 6 C〈λ〉−2 for some C > 0,
which follows from the fact that X(λ) = λ−1ω>(λ) or λ−2ω>(λ), and the bound
|e−iλ|y| − eiλ|y|| 6 2(λ|y|)1−θ ∀θ ∈ (0, 1). Thus,
|K(2)Ξ (x, y)| 6
1
|x|(|x| + a)|y|
∫ +∞
0
2(λ|y|)1−θ |X ′(λ)| dλ 6 C|x|(|x|+ a)|y|θ ,
whence
(5.38) ‖K(2)Ξ (x, ·)1{|·|610R}‖Lp′(R3) 6
C′
|x|(|x| + a)
∥∥∥ 1{|y|610R}|y|θ ∥∥∥Lp′(R3) ,
for suitable constants C,C′ > 0, where the Lp
′
-norm in the r.h.s. is finite whenever
θp′ < 3.
The estimates (5.32), (5.33), (5.34), (5.37), and (5.38) together then imply that,
for some constant Cp > 0,
(5.39) ‖KΞ(x, ·)1{|·|610R}‖Lp′(R3) 6
Cp
|x| , p ∈ (1,
3
2 ) ∪ (32 , 2) ∪ (2, 3) .
Then (5.39) and Ho¨lder’s inequality yield
‖1{|·|6R} Ξ1{|·|610R}u‖pLp(R3)
6
∫
R3
dx1{|x|6R}(x)
∣∣∣ ∫
R3
dy KΞ(x, y)1{|y|610R}(y)u(y)
∣∣∣p
6 Cp
∥∥∥ 1{|x|6R}|x| ∥∥∥pLp(R3) ‖1{|·|610R}u‖pLp(R3)
= C′p ‖1{|·|610R}u‖pLp(R3)
(5.40)
for some constant C′p > 0.
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We have thus obtained precisely the desired estimate (5.30). This completes the
proof because, as commented already, (5.29) and (5.30) together give (5.25). 
6. Unboundedness in L1(R3) and Lp(R3), p > 3.
In this Section we complete the proof of Theorem 1.1 as far as the unboundedness
part is concerned, hence showing that the wave operators W±α,Y are unbounded in
Lp(R3) whenever p ∈ {1} ∪ [3,+∞]. As commented already at the beginning of
Section 4, it is enough to prove this property for W+α,Y : then the same conclusion
follows for W−α,Y .
6.1. Unboundedness of W+α,Y in L
p(R3) for p ∈ [3,+∞]. Because of the Lp-
boundedness ofW+α,Y for p ∈ (1, 3), it is clear that we only need to prove thatW+α,Y
is unbounded in L3(R3), for any Lp-boundedness for p > 3 would then contradict,
by interpolation, the unboundedness when p = 3.
Let us assume for contradiction that W+α,Y is bounded in L
3(R3), which by
duality implies also that (W+α,Y )
∗ is bounded in L3/2(R3).
Theorem 2.1(iv) guarantees that we may choose c > 0 sufficiently large so as to
make the matrix Γα,Y (ic) non-singular. Correspondingly, R0(−c2) = (H0 + c21)−1
maps continuously L3/2(R3) into W 2,3/2(R3) and hence also L3/2(R3) into Lq(R3)
for any q ∈ [ 32 ,∞), owing to a Sobolev embedding.
Thus, the L3/2-boundedness of (W+α,Y )
∗, the L3/2 → L3-boundedness ofR0(−c2),
and the L3-boundedness ofW+α,Y imply, by means of the intertwining property (1.8),
that also the operator
Rα,Y (−c2)Pac(Hα,Y ) = W+α,Y R0(−c2)(W+α,Y )∗
is continuous from L3/2(R3) to L3(R3). As a consequence, we read out from the
the resolvent identity (2.3) that for any u ∈ L2ac(Hα,Y ) ∩ L3/2(R3) the function
Rα,Y (−c2)u−R0(−c2)u
=
N∑
j,k=1
(Γα,Y (ic)
−1)jk Gyjic (x)
∫
R3
Gykic (y)u(y) dy
(*)
must belong to L3(R3).
Let us make now a choice of u for which the r.h.s. of (*) above fails instead to
belong to L3(R3). Since u ∈ L2ac(Hα,Y ), then u is orthogonal to all the eigenfunc-
tions of Hα,Y , that is, owing to Theorem 2.1(iv), u is orthogonal to an (at most)
N -dimensional subspace spanned by suitable linear combinations of Gy1iλk , . . . ,G
yN
iλk
for k ∈ {1, . . . , N}, where −λ21, . . . ,−λ2N are the eigenvalues of Hα,Y . Because of
our choice of c, in such an orthogonal complement there is surely u which is not
orthogonal to the Gykic ’s, namely,∫
R3
Gykic (y)u(y) dy 6= 0 ∀k ∈ {1 . . . , N} .
(In fact, such a u can be also found in C∞0 (R
3) ∩ L2ac(Hα,Y ): indeed, the point
spectral subspace of Hα,Y is at most N -dimensional, whereas the set of u’s that
satisfy the non-vanishing condition above is open in the topology of the space of
test functions.) For such u, because of the invertibility of the matrix Γα,Y (ic), the
expression
N∑
j,k=1
(Γα,Y (ic)
−1)jk Gyjic (x)
∫
R3
Gykic (y)u(y) dy
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is a linear combination of the Gyjic ’s with at least one non-zero coefficient, say, the
one for j = j0. Therefore, in a sufficiently small neighbourhood of yj0 (so small as
not to contain any other of the yj ’s of Y , for j 6= j0) the latter function must be of
the form cj0 |x−yj0 |−1+R(x) for some constant cj0 6= 0 and some bounded (in fact,
smooth) function R(x). This would mean that in the considered neighbourhood of
yj0 Rα,Y (−c2)u−R0(−c2)u is not a L3-function, a contradiction.
6.2. Unboundedness of W+α,Y in L
1(R3). For this case the following preliminary
observation is going to be useful.
Remark 6.1. Let g ∈ C∞0 (R). Then
(6.1)
2√
2π
∫ +∞
0
e−iλρ ĝ(−λ) dλ = g(ρ)− i(Hg)(ρ) ,
where g 7→ Hg denotes the Hilbert transform, defined as
(6.2) (Hg)(ρ) := 1
π
P.V.
∫ +∞
−∞
g(τ)
ρ− τ dτ.
Indeed, following from the fact [17, Eq. (5.1.13)] that the Hilbert transform is the
Fourier multiplier
(̂Hg)(λ) = −i sgn(λ) ĝ(λ) ,
one has
g(ρ)− i(Hg)(ρ) = 1√
2π
∫ +∞
−∞
eiρλ(1− sgn(λ)) ĝ(λ) dλ
=
2√
2π
∫ 0
−∞
eiρλ ĝ(λ) dλ =
2√
2π
∫ +∞
0
e−iλρ ĝ(−λ) dλ .
Let us now prove the fact that the wave operatorW+α,Y is unbounded in L
1(R3).
We may assume without loss of generality to take the set Y = {y1, . . . , yN} of
interaction centres so that y1 = 0.
Let u ∈ C∞0 (R3) be rotationally invariant, and we write u(x) = f(|x|) for some
f : [0,+∞) → C which is smooth and compactly supported. We extend f to an
even function on the whole R. By construction, f(r) =Mu(r), the spherical mean
of u.
Our starting point is the stationary representation (3.11) for W+α,Y u, that is,
(6.3) W+α,Y u = u+
N∑
j,k=1
TyjΩjkT−yku ,
and for each j, k ∈ {1, . . . , N} we set Kjku := TyjΩjkT−yku. Explicitly,
(Kjku)(x)
=
1
iπ
∫
R3
dy u(y)
∫ +∞
0
dλFjk(λ)
e−iλ|x−yj|
4π|x− yj|
eiλ|y−yk| − e−iλ|y−yk|
4π|y − yk| ,
(6.4)
where we used (3.1) and (3.4).
We now proceed by re-scaling u and f as
(6.5) uε(x) := ε
−3u(ε−1x) , fε(r) := ε−3f(ε−1r) , ε > 0 ,
which makes the norms
(6.6) 4π‖r2fε‖L1(0,+∞) = ‖uε‖L1(R3) = ‖u‖L1(R3) = 4π‖r2f‖L1(0,+∞)
ε-independent. This re-scaling is devised so as to make all interaction centres but
y1 ineffective, because uε is only bumped around the origin, and then to reduce the
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question to the unboundedness of the wave operator relative to a single-centre point
interaction Hamiltonian, for which the answer will then come by direct inspection.
From (6.4) and (6.6),
(Kjkuε)(x)
=
1
iπε2
∫
R3
dy u(y)
∫ +∞
0
dλFjk(
λ
ε )
e−i
λ
ε
|x−yj|
4π|x− yj|
eiλ|y−
yk
ε
| − e−iλ|y− ykε |
4π|y − ykε |
,
(6.7)
having made the changes of variables y → εy and λ→ ε−1λ in the integrations. If
we now define, for arbitrary v ∈ C∞0 (R3),
(K
(ε)
jk v)(x)
=
1
iπ
∫
R3
dy v(y)
∫ +∞
0
dλFjk(
λ
ε )
e−iλ|x−
yj
ε
|
4π|x− yjε |
eiλ|y−
yk
ε
| − e−iλ|y− ykε |
4π|y − ykε |
,
(6.8)
then for the considered u and its re-scaled uε we have
(6.9)
∥∥∥ N∑
j,k=1
Kjkuε
∥∥∥
L1(R3)
=
∥∥∥ N∑
j,k=1
K
(ε)
jk u
∥∥∥
L1(R3)
,
which follows by making the change of variable x 7→ εx in the integration on the
l.h.s.
We now want to study the contribution of each term K
(ε)
jk u as ε ↓ 0. We shall
establish the following limits
lim
ε↓0
(K
(ε)
11 u)(x) = −
√
2
π
∫ +∞
0
e−iλ|x|
|x| (r̂f)(−λ) dλ ,
lim
ε↓0
(K
(ε)
jk u)(x) = 0 , (j, k) 6= (1, 1) ,
(6.10)
pointwise for a.e. x ∈ R3.
To this aim, we first find the bound
(6.11)
∫
R3
eiλ|y−
yk
ε
| − e−iλ|y− ykε |
4π|y − ykε |
u(y) dy 6| · | Cu 〈λ〉−2
∫
suppu
dy
|y − ε−1yk|
for some constant Cu > 0 depending on u, but not on ε. (6.11) is obvious for small
λ’s, since u is compactly supported, whereas for large λ’s we apply the distributional
identity
(−∆y − λ2)
( e±iλ|y− ykε |
4π|y − ykε |
)
= δ(y − ykε ) ,
and integrating by parts we find∫
R3
eiλ|y−
yk
ε
| − e−iλ|y− ykε |
4π|y − ykε |
u(y) dy
= λ−2
∫
R3
eiλ|y−
yk
ε
| − e−iλ|y− ykε |
4π|y − ykε |
(−∆)u(y)dy
6| · | Cu 〈λ〉−2
∫
suppu
dy
|y − ε−1yk| ,
thus, (6.11) is proved.
Next, in order to prove the first of the limits (6.10) by taking ε ↓ 0 in (6.8), we
use the asymptotics (3.5), namely,
lim
ε↓0
F11(ε
−1λ) = −4πi ,
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and we also recognise that the asymptotics as ε ↓ 0 of the y-integration of (6.8) is
precisely the quantity∫
R3
eiλ|y| − e−iλ|y|
4π|y| u(y) dy =
√
2π (r̂Mu)(−λ) =
√
2π (r̂f)(−λ)
discussed in (3.9). The limit ε ↓ 0 can be exchanged with the integrations in λ and
in y by dominated convergence, because F11(
λ
ε ) is uniformly bounded (see Lemma
3.1(i)) and (6.11) provides a majorant that is integrable in λ. Thus,
lim
ε↓0
(K
(ε)
11 u)(x) =
1
iπ
(−4πi)
∫ +∞
0
e−iλ|x|
4π|x|
√
2π (r̂f )(−λ) dλ
= −
√
2
π
∫ +∞
0
e−iλ|x|
|x| (r̂f )(−λ) dλ , x 6= 0 ,
and the first limit of (6.10) is proved.
Concerning now (6.10) when (j, k) 6= (1, 1), from our estimate (6.11) we deduce
|(K(ε)jk u)(x)| 6
Cu
|x− yjε |
(∫ +∞
0
|Fjk(λε )| 〈λ〉−2 dλ
)(∫
suppu
dy
|y − ykε |
)
6 C′u ‖Fjk‖L∞(0,∞)
1
|x− yjε |
∫
suppu
dy
|y − ykε |
(6.12)
for some new constant C′u > 0. Since at least one among yj and yk does not coincide
with the origin, and since u is compactly supported, we conclude at once that
lim
ε↓0
(K
(ε)
jk u)(x) = 0 , x 6= 0 if j = 0.
The proof of (6.10) is thus completed, and in turn (6.10) implies
(6.13) lim
ε↓0
N∑
j,k=1
(K
(ε)
jk u)(x) = −
2√
2π
∫ +∞
0
e−iλ|x|
|x| (r̂f)(−λ) dλ
pointwise for a.e. x ∈ R3.
This latter fact allows us to take the limit ε ↓ 0 in the r.h.s. of (6.9), provided
that the L1-norm is taken on compacts of R3. Indeed, for fixed R > 0 and any
sufficiently small ε > 0 such that |x − yjε | > |x| for any x ∈ {x||x| 6 R} ∪ suppu
and j = 1, . . . , N , the estimate (6.12) implies (1R ≡ the characteristic function of
the ball |x| 6 R)
1R(x)
N∑
j,k=1
|(K(ε)jk u)(x)| 6 N2
Cu,R
|x|
∫
suppu
dy
|y| 6 N
2
C′u,R
|x|
for suitable constants Cu,R, C
′
u,R > 0, which gives a majorant in L
1(R3). Then, by
(6.13) and dominated convergence,
lim
ε↓0
∫
|x|6R
∣∣∣ N∑
j,k=1
(K
(ε)
jk u)(x)
∣∣∣ dx
=
2√
2π
∫
|x|6R
dx
∣∣∣∫ +∞
0
dλ
e−iλ|x|
|x| (r̂f)(−λ)
∣∣∣
=
√
32π
∫ R
0
dρ
∣∣∣∫ ∞
0
ρ e−iλρ (r̂f )(−λ) dλ
∣∣∣ .
(6.14)
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An integration by parts and formula (6.1) in Remark 6.1 yield
√
32π
∫ ∞
0
ρ e−iλρ (r̂f )(−λ) dλ =
√
32π
∫ +∞
0
e−iλρ (r̂2f)(−λ) dλ
= 4π
(
(r2f)(ρ)− i(Hr2f)(ρ)).(6.15)
In the integration by parts the boundary term does not appear because r 7→ rf(r) is
an odd function and (r̂f )(0) = 0. The conclusion from (6.14) and (6.15) is therefore
(6.16) lim
ε↓0
∥∥∥1R N∑
j,k=1
K
(ε)
j,ku
∥∥∥
L1(R3)
= 4π
∫ R
0
∣∣(1− iH)(r2f)(ρ)∣∣ dρ .
The proof of the L1-unboundedness of W+α,Y is completed as follows. Suppose
for contradiction that W+α,Y is instead L
1-bounded. Then, for arbitrary R > 0,
4π
∫ R
0
∣∣(1− iH)(r2f)(ρ)∣∣ dρ = lim
ε↓0
∥∥∥1R N∑
j,k=1
K
(ε)
j,ku
∥∥∥
L1(R3)
6 lim inf
ε↓0
∥∥∥ N∑
j,k=1
K
(ε)
j,ku
∥∥∥
L1(R3)
= lim inf
ε↓0
∥∥∥ N∑
j,k=1
Kj,kuε
∥∥∥
L1(R3)
= lim inf
ε↓0
‖(W+α,Y − 1)uε‖L1(R3)
6 (1 + ‖W+α,Y ‖B(L1(R3)))‖uε‖L1(R3)
6 (1 + ‖W+α,Y ‖B(L1(R3)))‖r2f‖L1(0,∞) ,
where we applied (6.16) in the first step, (6.9) in the third step, (6.3) in the fourth
step, the assumption of L1-boundedness in the fifth step, and the scale invariance
(6.6) in the last step. Moreover, due to the arbitrariness of R, the estimate above
also implies
(*) 4π‖(1− iH)(r2f)‖L1(0,∞) 6 (1 + ‖Wα,Y ‖B(L1(R3)))‖r2f‖L1(0,∞) .
However, the inequality (*) can be surely violated. Indeed it is well-known that the
Hilbert transform on R maps even functions into odd functions, but fails to map
even (and compactly supported) L1-functions into L1-functions, as one may see with
(a suitable mollification, so as to make it C∞0 and even, of) the function f0(r) =
(r2 + 1)−1, the Hilbert transform of which is (Hf0)(r) = r(r2 + 1)−1. Therefore
(*) is a contradiction. The conclusion is that W+α,Y is necessarily unbounded on
L1(R3).
7. Lp-convergence of wave operators
In this concluding Section we establish a result of Lp-convergence of wave oper-
ators in the limit when a regular Schro¨dinger Hamiltonian converges to a singular
point interaction Hamiltonian. This is part of the general picture outlined in Re-
mark 1.2 concerning the connection between two completely analogous results, on
the one hand our main result (Theorem 1.1) of Lp-boundedness for p ∈ (1, 3) and
Lp-unboundedness for p ∈ {1} ∪ [3,∞) of the wave operators relative to the point
interaction Hamiltonian Hα,Y , and on the other hand the analogous results avail-
able in the previous literature, precisely in the same regimes of p, for wave operators
relative to Schro¨dinger Hamiltonians of the form −∆+ V .
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For concreteness we restrict our attention to the case N = 1 and α = 0, thus
taking without loss of generality Y = {0}.
Besides the corresponding point interaction Hamiltonian Hα,Y and wave opera-
torsW±α,Y , let us consider the Schro¨dinger operator H = −∆+V on L2(R3), where
V is a real measurable potential such that |V (x)| 6 C〈x〉−δ for some δ > 5/2. It
is well known [25] that H has a unique self-adjoint realisation on L2(R3) and that
the wave operators
(7.1) W± := s-lim
t→±∞
eitHe−itH0
relative to the pair (H,H0) exist and are complete in L
2(R3); W± extend to
bounded operators on Lp(R3) in the following regimes: for all p ∈ [1,+∞] if zero
is neither a resonance nor eigenvalue of H [6], and only for p ∈ (1, 3) if zero is a
resonance [35] (see Proposition 7.1 below).
Parallel to that, and with the same V , we consider now the re-scaled version
H(ε) of H obtained by ‘shrinking’ the potential V at a scale ε−1, more precisely,
the self-adjoint operator
(7.2) H(ε) := −∆+ 1
ε2
V
(x
ε
)
, ε > 0 ,
as well as the wave operators relative to the pair (H(ε), H0), defined in analogy to
(7.1) as
(7.3) W±ε := s-lim
t→±∞
eitH
(ε)
e−itH0 .
The choice (7.2) for the scaling is driven by the fact [3, Theorem I.1.2.5] that
under suitable spectral properties of H one has H(ε) → Hα,Y |α=0,Y={0} as ε ↓ 0 in
the norm resolvent sense of operators on L2(R3), and this in turn motivates us to
investigate the relation between W±ε and W
±
α,Y when ε ↓ 0, as bounded operators
on Lp(R3) for p ∈ (1, 3). Our result is the following.
Proposition 7.1. Suppose that V is a real measurable potential such that |V (x)| 6
C〈x〉−δ for some δ > 7. Then, for any p ∈ (1, 3) the wave operators W±ε extend to
bounded operators on Lp(R3). If zero is a resonance but not an eigenvalue for the
self-adjoint operator H = −∆+ V on L2(R3), then in the weak topology of Lp(R3)
with p ∈ (1, 3), and hence also in the strong topology of L2(R3),
(7.4) lim
ε↓0
W±ε u = W
±
α,Y u , u ∈ Lp(R3) .
Proof. The statement on the Lp-boundedness of W±ε follows directly from [35].
Concerning the limit (7.4), we shall prove it for W+ε , the argument for W
−
ε being
completely analogous.
Let us consider the scaling operator u 7→ Uεu defined by
(7.5) (Uεu)(x) :=
1
ε3/2
u
(x
ε
)
, ε > 0 , x ∈ R3 .
For any ε > 0 and p ∈ [1,+∞] the operator Uε is a bounded bijection on Lp(R3)
with norm
(7.6) ‖Uε‖B(Lp(R3)) = ε 3(
1
p
− 12 )
and inverse
(7.7) (Uε)
−1 = Uε−1 .
In particular Uε is unitary on L
2(R3), and it induces the unitary equivalence
(7.8) H(ε) = Uε(ε
−2H)U∗ε .
30 G. DELL’ANTONIO, A. MICHELANGELI, R. SCANDONE, AND K. YAJIMA
As a consequence,W+ε andW
+ are unitarily equivalent too as operators on L2(R3),
for
W+ε = s-limt→+∞
eitH
(ε)
e−itH0
= Uε s-lim
t→+∞
eitε
−2He−itε
−2H0 U∗ε = UεW
+U∗ε .
(7.9)
Moreover,
(7.10) ‖W+ε ‖B(Lp(R3)) = ‖W+‖B(Lp(R3)) < +∞
for any p ∈ (1, 3), as follows by combining (7.6), (7.7), and (7.9).
For the proof of (7.4) it suffices to show that, when α = 0 and Y = {0},
(7.11) lim
ε↓0
∫
R3
(W+ε u)(x) v(x) dx =
∫
R3
(Wα,Y u)(x) v(x)
for any u and v in
(7.12) D := {u ∈ S(R3) | û ∈ C∞0 (R3)}
which is dense in Lp(R3) for any 1 < p <∞. Indeed by means of a straightforward
density argument, applicable because of the uniform norm-boundedness (7.10), the
result (7.11) can then be lifted to any u ∈ Lp(Rd) and v ∈ Lp′(Rd), whence the
conclusion. Moreover, with the choice (7.12) we can equivalently re-write (7.11) in
Hilbert scalar product notation as
(7.13) lim
ε↓0
〈W+ε u, v〉 = 〈Wα,Y u, v〉 .
Aimed at establishing (7.13), let us fix u, v ∈ D. Then there is R > 0 such that
û(ξ) = 0 for |ξ| > R, and also
(7.14) (Û∗ε u)(ξ) =
1
ε3/2
û
(ξ
ε
)
, (Û∗ε u)(ξ) = 0 for |ξ| > Rε .
We shall make crucial use of the well-known fact from the stationary scattering
theory [25] that
(7.15) W+ = 1− 1
iπ
∫ +∞
0
G0(−λ)V (1+G0(−λ)V )−1 (G0(λ)−G0(λ))λdλ ,
where
(7.16) G0(±λ) := lim
η↓0
(H0 − (λ2 ± iη)1)−1 = lim
η↓0
R0(λ
2 ± iη) , λ > 0 .
Then (7.9) and (7.15), together with G0(±λ)∗ = G0(∓λ), yield
〈W+ε u, v〉 − 〈u, v〉
=
1
iπ
∫ +∞
0
〈
(1+G0(−λ)V )−1 (G0(λ)−G0(−λ))U∗ε u , V G0(λ)U∗ε v
〉
λdλ .
(7.17)
In fact, the λ-integration in (7.17) is only effective for λ < Rε. To see this, we
compute the Fourier transform(
(G0(λ)−G0(−λ))U∗ε u
)̂
(ξ)
= lim
η↓0
(
(ξ2 − λ2 − iη)−1 − (ξ2 − λ2 + iη))−1 (Û∗ε u)(ξ)
= lim
η↓0
2 i η
(ξ2 − λ2)2 + η2 (Û
∗
ε u)(ξ)
(7.18)
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and we argue that the function in (7.18) surely vanishes when |ξ| > Rε, owing to
(7.14), and when in addition λ > Rε such function also vanishes when |ξ| 6 Rε,
because in this case (ξ2 − λ2)2 > 0 and the above limit in η is zero. Thus,
(7.19) (G0(λ)−G0(−λ))U∗ε u ≡ 0 when λ > Rε .
By exploiting the scaling in ε in (7.17) we obtain
〈W+ε u, v〉 − 〈u, v〉
=
ε2
iπ
∫ +∞
0
〈
(1+G0(−ελ)V )−1(G0(ελ)−G0(−ελ))U∗ε u , V G0(ελ)U∗ε v
〉
λdλ ,
(7.20)
where it has to be remembered that, owing to (7.19), the integration actually only
takes place when λ ∈ [0, R].
Next, in order to compute the limit ε ↓ 0 in (7.20), we consider separately the
behaviour of the operators
ε
1
2G0(±ελ)U∗ε and ε(1+G0(−ελ)V )−1 .
Indeed, we shall see that they do converge strongly in a suitable Banach space. A
weak-type Ho¨lder’s inequality implies that(
ε
1
2G0(±ελ)U∗ε u
)
(x) =
∫
R3
e±iλ|εx−y|
4π|εx− y| u(y) dy
is bounded by a constant (by (4π)−1‖|x|−1‖L3,∞‖u‖L 32 ,1 in terms of Lorentz norms);
therefore, uniformly for λ ∈ [0, R] and x in compact sets,
lim
ε↓0
(
ε
1
2G0(±ελ)U∗ε u
)
(x) =
∫
R3
e±iλ|y|
4π|y| u(y) dy = 〈 G±λ, u〉 .
As a consequence, we deduce that
(7.21) lim
ε↓0
∥∥ε 12G0(±ελ)U∗ε u− 〈G±λ, u〉1∥∥L2
−β
(R3)
= 0
for β > 32 , where L
2
−β(R
3) ≡ L2(R3, 〈x〉−2βdx) and 1 denotes the function 1(x) = 1
∀x ∈ R3. Moreover, owing to the spectral and decay assumptions on V , it is a
standard fact [34, Theorem 4.8] that
(7.22) lim
ε↓0
∥∥∥ ε(1+G0(−ελ)V )−1 − 4πi
λa2
|ϕ〉〈V ϕ|
∥∥∥
B(L2
−β
(R3))
= 0
for λ > 0 and β ∈ (32 , δ − 12 ), where ϕ is the so-called ‘resonance function’ relative
to V (thus, a distributional solution to Hϕ = (−∆+ V )ϕ = 0), uniquely identified
by the conditions
∫
R3
V |ϕ|2dx = −1 and ∫
R3
V ϕdx > 0, and where a :=
∫
R3
V ϕdx.
If we now and henceforth restrict β to the regime β ∈ (32 , δ2 ), then (7.21) and
(7.22) are still valid, and in addition the multiplication by V is a L2−β(R
3)→ L2β(R3)
continuous map. Thus, the L2-scalar product appearing in the r.h.s. of (7.20) can
be also regarded as a L2−β-L
2
β duality product. Using this fact, and by means
of (7.21) and (7.22), which are applicable because the λ-integration in (7.20) is
actually only effective for λ ∈ [0, R], we find
lim
ε↓0
(r.h.s. of (7.20))
=
1
iπ
∫ +∞
0
〈 4πi
λa2
|ϕ〉〈V ϕ|(〈Gλ, u〉 − 〈G−λ, u〉)1 , V 〈Gλ, v〉1〉
L2
−β
,L2
β
λdλ
= −4
∫ +∞
0
dλ
( ∫
R3
dy u(y)
(G−λ(y)− Gλ(y)))( ∫
R3
dxGλ(x) v(x)
)
.
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Summarising, we have found
lim
ε↓0
〈W+ε u, v〉 = 〈u, v〉
+ 4
∫ +∞
0
dλ
( ∫
R3
dy u(y)
(Gλ(y)− G−λ(y)))(∫
R3
dxGλ(x) v(x)
)
.
(7.23)
Since the r.h.s. above is precisely the quantity 〈Wα,Y u, v〉 that we obtained in (3.1)
in the special case N = 1, α = 0, the limit 〈W+ε u, v〉 → 〈Wα,Y u, v〉 of (7.13) is then
established and, as already argued, this completes the proof. 
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